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GEOMETRIC FLOW, MULTIPLIER IDEAL SHEAVES AND
OPTIMAL DESTABILIZER FOR A FANO MANIFOLD
TOMOYUKI HISAMOTO
Abstract. In [D05], it was asked whether the lower bound of the Calabi functional
is achieved by a sequence the normalized Donaldson-Futaki invariants. We answer to
the question for the Ricci curvature formalism, in place of the scalar curvature. The
principle is that the stability indicator is optimized by the multiplier ideal sheaves of
certain weak geodesic ray asymptotic to the geometric flow. We actually prove it in
the two cases: the inverse Monge-Ampe`re flow and the Ka¨hler-Ricci flow.
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1. Introduction
Let X be a Fano manifold. We are motivated to study how X is far from Ka¨hler-
Einstein. To examine the curvature of each Ka¨hler metric ω in the first Chern class
c1(X) we may make use of the normalized Ricci potential function ρ which is charac-
terized by
Ricω − ω = ddcρ,
∫
X
(eρ − 1)ωn = 0. (1.1)
The volume V =
∫
X
ωn is independent of ω. The metric is Ka¨hler-Einstein iff ρ = 0
and it is equivalent to say that the scalar curvature is constant. For a general polarized
manifold (X,L), the famous Calabi functional measures how ω is far from constant
scalar curvature and [D05] gives the lower bound in terms of the Donaldson-Futaki
invariant. For a Fano polarization (X,−KX) Ricci potential may work in place of
the scalar curvature. In fact in analogy with Donaldson’s lower bound, we have the
inequality
inf
ω
[
1
V
∫
X
(eρ − 1)2ωn
] 1
2
> sup
(X ,L)
−DNA(X ,L)
‖(X ,L)‖2
. (1.2)
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2 TOMOYUKI HISAMOTO
Here (X ,L) runs through arbitrary test configurations of (X,−KX), ‖(X ,L)‖2 is the L2-
norm, and DNA(X ,L) is the non-Archimedean D-energy introduced in [B16], [BHJ15].
We review the terminologies and a proof of (1.2), in the next section. Such an inequality
already appears in geometric invariant theory (GIT for short), where it confronts square
of the moment map with Hilbert-Mumford weights. For this reason we may call (1.2)
moment-weight inequality. The precise moment map picture was explained in [D15].
The Kemp-Ness functional in GIT is translated into the (Archimedean) D-energy (2.2).
In the scalar curvature setting Donaldson asked whether the equality holds in the
above. In our setting, [Y17] recently proved that the equality in (1.2) actually holds for
toric Fano manifolds. If there exists a test configuration accomplishes the identity, it
should be the optimal destabilizer which has an analogy with the Harder-Narasimhan
and the Jordan-Ho¨lder filtration for the vector bundles. The pioneering work [N90]
of Nadel already predicted that the certain multiplier ideal sheaf should serve as the
destabilizing subsheaf of the vector bundle. See also [PSS06], [R09].
In this paper we show that the equality holds in (1.2) for general Fano manifolds, in
virtue of adopting the Ricci potential formulation. Our new ingredient is the gradient
flow of the D-energy. Using the ddc-lemma we fix the reference metric ω0 and represent
any other metric by a function ϕ so that ω = ω0 + dd
cϕ holds. The function ϕ is
determined up to a constant and we consider ρ = ρϕ or other quantities as functions in
ϕ. In terms of ϕ we introduce the inverse Monge-Ampe`re flow
∂
∂t
ϕ = 1− eρ, (1.3)
which imitates the Calabi flow in the scalar curvature setting. Although the long-time
existence of the Calabi flow is still open question, we have the solution for (1.3). This
is one of the main results in our previous work [CHT17]. Building on the Mabuchi
geometry of space of Ka¨hler metrics, especially on the technique exploited by [DH17],
one can construct a weak geodesic ray Φ asymptotic to the flow. Blowing up the
multiplier ideal sheaves J (mΦ), we obtain a sequence of test configurations, which
canonically approximates the geodesic ray. The technology here was paved by [BBJ18]
where they gave a variational approach to the celebrated result [CDS15]. We will
show that the equality of (1.2) is then naturally achieved by the flow and these test
configurations.
Theorem A (moment-weight equality). Greatest lower bound of the Ricci-Calabi func-
tional is given by a sequence of L2-normalized non-Archimedean Ding energies, that is,
inf
ω
[
1
V
∫
X
(eρ − 1)2ωn
] 1
2
= sup
(X ,L)
−DNA(X ,L)
‖(X ,L)‖2
.
In fact the infimum is achieved by the inverse Monge-Ampe`re flow (1.3). The supremum
is achieved by the test configurations which are defined as the blow-up of the associated
multiplier ideal sheaves J (mΦ).
Conjecturally the right-hand side would be the maximum attained by the optimal
(X ,L), provided we slightly stretches the meaning of test configurations. Actually for
toric Fano manifolds [Y17] constructed the optimal destabilizer as a possibly irrational
3but piecewise-linear convex function on the moment polytope. It implies that a single
ideal sheaf can not generally optimize the stability indicator. Our proof shows that the
weak geodesic ray attains the maximum in a suitable sense (see Remark 4.8). It might
be challenging to clarify whether the ray, constructed transcendentally in the above,
interpreted into certain algebraic singularities.
Replacing the Ricci-Calabi functional with the H-functional H(ω), [DS17] established
the parallel equality and the corresponding optimal test configuration. In this formalism
non-Archimedean D-energy is replaced with H-invariant of the test configurations. The
idea of the present paper as well applied to this setting. In the final section we serve
another simple proof of [DS17], Theorem 1.2, without using the deep result of [CW14],
[CSW15].
Theorem B. Greatest lower bound of H-functional is given by a sequence of H-
invariants:
inf
ω
H(ω) = sup
(X ,L)
H(X ,L).
The infimum is achieved by the Ka¨hler-Ricci flow. The supremum is achieved by the test
configurations which is defined as the normalized blow-up of the associated multiplier
ideal sheaves.
In the H-functional setting the maximum is attained by the test configuration con-
structed by [CSW15]. Strictly speaking it is not a genuine test configuration but
endowed with an irrational C∗-action. In the terminology of [DS17] it is called R-
degeneration. Our argument does not construct the R-degeneration in the limit, while
it shows that the maximum is effectively approximated by the associated multiplier
ideal sheaves.
It is known that H(X ,L) > 0 for all (X ,L) iff X is D-semistable so that the H-
invariant is weaker than the non-Archimedean D-energy. For example in the toric case
the optimal destabilizer for the entropy gives a product family while the optimal desta-
bilizer for the Ricci-Calabi functional has jut two components in the central fiber. It
indicates that H-optimizer corresponds to the Harder-Narasimhan filtration for vec-
tor bundles and D-optimizer even takes on a role of the Jordan-Ho¨lder filtration for
semistable ones. See [CHT17] for the detail. The construction and comparison of these
two destabilizers could be interesting from the viewpoint of birational geometry and
should be investigated in the future work.
Just when the author was going to post the preprint, he was informed the appearing
work [X19] of M. Xia. It solves the metrized version of Theorem A, and of Donaldson’s
original conjecture for arbitrary compact Ka¨hler manifolds, admitting finite energy
geodesic rays in the supremum (so that the non-Archimedean D-energy is replaced
with the radial D-energy of the geodesic ray). Note that in the scalar curvature setting
the infimum requires singular ϕ because we do not have a smooth solution of the Calabi
flow yet. Not a few ideas are in common and we even need [X19], Lemma 5.1 critically
in proving Theorem A. We focus on the Fano case but instead answer to the original
version of the question and moreover clarify the relation with multiplier ideals.
Acknowledgment. The author express his gratitude to Mingchen Xia. He especially
pointed out the lack of the discussion in our previous version. After the communication
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I realized that the proof requires [X19], Lemma 5.1. I would like to thank T. Collins, E.
Inoue and R. Takahashi for helpful discussions. This research was supported by JSPS
KAKENHI Grant Number 15H06262 and 17K14185.
2. Preliminary
2.1. Ricci curvature formulation. We first give the variational setting for the Ka¨hler-
Einstein problem. Throughout the paper X is an n-dimensional Fano manifold and ω
denotes a Ka¨hler metric whose cohomology class is the first Chern class c1(X). As in
the introduction, we fix a reference metric to represent the metric by a function ϕ. In
words of the anti-canonical line bundle −KX , one has a fiber metric h0 with the Chern
curvature ω0. Then h0e
−ϕ defines another smooth fiber metric so that ωϕ = ω0 + ddcϕ
gives the curvature. We freely chose appropriate description of the metric going back
and forth between ω, ϕ and the fiber metric h0e
−ϕ. Let us denote by H = H(X,ω0),
the collection of all smooth ϕ for which ω = ωϕ is strictly positive. We first introduce
the Ricci-Calabi functional in ϕ ∈ H, which is the curvature integration
R(ϕ) :=
1
V
∫
X
(eρ − 1)2ωn. (2.1)
This gives the analogue of the classical functional
C(ϕ) :=
1
V
∫
X
(Sω − Sˆ)2ωn
introduced by E. Calabi. In the above Sˆ denotes the mean value of the scalar curvature
Sω. Compared to the Calabi functional, it is relatively recent result [D15] where the
infinite-dimensional moment map picture for the Ricci-Calabi functional was given.
The picture regards this functional as the square of the moment map and provides a
natural prospect for the variational approach to the Ka¨hler-Einstein problem. Role of
the Kemp-Ness functional in finite-dimensional GIT is then played by the D-energy:
D(ϕ) = L(ϕ)− E(ϕ) := − log 1
V
∫
X
e−ϕ+ρ0ωn0 − E(ϕ). (2.2)
The functional first appeared in [BM85] and was written down to the above form by
[D88]. Here the second term
E(ϕ) :=
1
(n+ 1)V
n∑
i=0
∫
X
ϕωi ∧ ωn−i0 (2.3)
is called Aubin-Mabuchi energy, or the Monge-Ampe`re energy, because the differential
is designed to be the Monge-Ampe`re measure: (dE)ϕ = V
−1ωn = V −1ωnϕ. As a con-
sequence, Ka¨hler-Einstein metric is characterized as the critical point of the D-energy.
As we review in the next subsection, the D-energy is convex with respect to the natural
metric structure. Asking when the energy functional is proper we are naturally lead to
the definition of D-stability.
More recently in [CHT17], we studied the gradient flow of the D-energy
∂
∂t
ϕ = 1− eρ
5and particularly proved that the long-time solution exists.
Theorem 2.1 ([CHT17], Theorem). Given an initial data, the inverse Monge-Ampe`re
flow (1.3) has the unique solution ϕ = ϕt for all t ∈ [0,∞). Moreover, E(ϕt) is
constant, D(ϕt) and R(t) =
d
dt
D(ϕt) are non-increasing.
This is our key tool for speculating in which direction the D-energy worstly decays.
In our notation the normalized Ka¨hler-Ricci flow is written as
∂
∂t
ϕ = −ρ.
The both flows converge to the Ka¨hler-Einstein metric if it exists. On the other hand,
the two flows show different behaviors when ρ tends to be big. It is precisely the
situation we are interested in.
2.2. Geodesic of finite energy metrics. One remarkable property is that the Monge-
Ampe`re energy is affine and the D-energy is convex along any geodesic for Mabuchi’s L2
structure. It strongly motivate us to exploit the general framework of convex optimiza-
tion. In fact we may consider general Lp structure for the space of Ka¨hler metrics and
especially need to consider L1 geometry. First from ddc-lemma any smooth function u
can be seen as a tangent vector at ϕ. The Lp-norm
‖u‖p :=
[
1
V
∫
X
|u|p ωn
] 1
p
(2.4)
hence defines the distance dp on H(X,ω0). The metric space is not complete so that
even if the energy is proper existence of a minimizer is not guaranteed. Therefore
the completion Ep = Ep(X,ω0) comes to the forefront in the variational approach to
the Ka¨hler-Einstein problem. This is the main reason that we need to handle with a
singular fiber metric h0e
−ϕ for which ϕ is only assumed to be locally integrable. Such
an L1-function is called ω0-plurisubharmonic function (psh for short) if the curvature
current ω = ω0 + dd
cϕ is semipositive. One can see [BBGZ13], [BBEGZ11], [BBJ18],
[D15], [D17a], [D17b], and the textbook [GZ17] for the developments in this area.
Let us especially present the construction of E1 which is indeed closely related with
the Monge-Ampe`re energy. It is well-known that we have the satisfactory definition
of the product current ωnϕ and hence E(ϕ) for any bounded ω0-psh function ϕ, by
the celebrated work of Bedford-Taylor. To go further, for any ω0-psh ϕ we define the
Monge-Ampe`re energy as
E(ϕ) := inf
{
E(ψ) : ψ ∈ L∞ ∩ PSH(X,ω0), ψ > ϕ
}
∈ R ∪ {−∞}. (2.5)
The function is called finite energy if E(ϕ) > −∞. We define the distance d1(ϕ, ψ) of
finite energy metrics approximating by decreasing sequences of smooth ω0-psh functions.
Theorem 2.2 (Special case of [D15], Theorem 2). The space (E1(X,ω0), d1) of all
finite energy psh functions gives the completion of (H(X,ω0), d1). Moreover d1 gives
the coarsest refinement of the L1-topology for psh functions so that the Monge-Ampe`re
energy is continuous. It follows that the D-energy is also continuous in this strong
topology.
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Note that [D15] gave a similar construction for general (Ep(X,ω0), dp).
We next review a certain construction of geodesics. Henceforth we distinguish the
geodesic ϕt from the inverse Monge-Ampe`re flow ϕt, by using the superscript. The
singularity of the metric again inevitably appears if one considers a geodesic. Indeed
the L2-geodesic segment ϕt (t ∈ [0, 1]) in E2(X,ω0) has at best C1,1-regularity even
if the endpoints are assumed to be smooth. For L1-geodesic it is not even unique, as
it was observed in [D17a]. Given smooth endpoints there however exists a path ϕt
which is geodesic for all dp. We follow [B11] for the construction. Let ϕ, ψ ∈ H and
a, b ∈ R. Take the complex variable τ of the annulus A := {τ ∈ C : e−b < |τ | < e−a},
as the translation of the time parameter t = − log |τ |. Let us consider a function
Ψ ∈ PSH(X×A, p∗1ω0) with the boundary condition Ψ(x, e−a) 6 ϕ(x),Ψ(x, e−b) 6 ψ(x)
and define the Peron-Bremermann type upper-semicontinuous envelope as
Φ(x, τ) := sup∗Ψ(x, τ). (2.6)
The construction is also equivalent to the terminology psh geodesic in [BBJ18]. As
a standard fact, we have Φ(x, e−a) = ϕ(x),Φ(x, e−b) = ψ(x). Since we assume ϕ, ψ
bounded Φ is also bounded. A standard argument of the pluripotential theory deduces
that the (n+1)-variable Monge-Ampe`re measure (p∗1ω0+dd
c
x,τΦ)
n+1 vanishes over X×A.
By the computation of [S92] this is equivalent to say that E(ϕt) is affine. It follows
that ϕt is weak geodesic for the L2-structure. Moreover, by [D15], Theorem 4.17, ϕt
defines a geodesic in the Lp-Finsler metric space (Ep, dp) for an arbitrary p > 1.
It is rather recently proved by [CTW17] that Φ has optimal C1,1-regularity for the
smooth boundary data. From [D15], Remark 2.5, this geodesic of envelope form has a
constant speed in dp. It means that
dp(ϕ
t, ϕs) = dp(ϕ, ψ)
∣∣∣∣ t− sb− a
∣∣∣∣ (2.7)
for all t, s. Not all geodesics in (E1, d1) satisfies the property. See also the discussion in
[D17a], [BBJ18].
2.3. Non-Archimedean energies and norms of the test configuration. The fa-
mous Hilbert-Mumford criterion in GIT tells that properness of the Kemp-Ness func-
tional is examined in each direction for a one-parameter subgroup. Given a polarized
manifold (X,L) each one-parameter subgroup of the projective transformation induces
a degeneration (X ,L) called test configuration. It is then natural to ask the asymptotic
behavior of D-energy along the degeneration. In the scalar curvature setting for a gen-
eral polarized manifold [D02] first gave the intrinsic definition of a test configuration
and introduced the Donaldson-Futaki invariant in relation to asymptotic behavior of
the K-energy functional.
In this paper we first assure that any test configuration (X ,L) is a Gm-equivariant
family of Q-polarized schemes, which is defined over the affine line A1. More generally
we take account of the case when L is relatively semiample. As an assumption the
family is trivial outside of the origin and the generic fiber is isomorphic to the anti-
canonical polarization (X,−KX). In terms of the equivariant isomorphism X|A1\{0} '
X × (A1 \ {0}), it is convenient to represent a point of X|A1\{0} as (x, τ), where x ∈ X
7and τ is the affine coordinate centered on 0 ∈ A1. Moreover, X may be assumed to be
a normal variety. See e.g. [BHJ15] for the detail discussion for the singularities.
Gluing (X ,L) with the trivial family we have the unique Gm-equivariant family
(X¯ , L¯) defined over P1, so that the action is as well trivial in neighborhood of ∞ ∈ P1.
As it was compactified one can take the self-intersection number L¯n+1 which in fact
gives the non-Archimedean counterpart of the Monge-Ampe`re energy:
ENA(X ,L) := L¯
n+1
(n+ 1)V
. (2.8)
For the substantial non-Archimedean treatment, we refer [BHJ15], [BHJ16], [BFJ16],
[BJ18], and the survey article [B18]. For our purpose it is sufficient to recall that it
gives the slope of the Monge-Ampe`re energy. Namely,
ENA(X ,L) = lim
t→∞
E(ϕt)
t
(2.9)
holds for any ray ϕt ∈ H compatible with (X ,L). The compatibility requires that for
the function
Φ(x, τ) := ϕ− log|τ |(x),
the fiber metric h0(x)e
−Φ(x,τ) of L has the semipositive curvature and can be smoothly
extended over the unit disk B = {|τ | < 1}. The isomorphism X|B\{0} ' X × (B \ {0})
translates the curvature form into p∗1ω0 + dd
c
x,τΦ. Any two compatible rays ϕ
t and ψt
share the same slope because of the bound |Φ−Ψ| 6 C uniform in t. For the same
reason, one may even have the same slope for a non-smooth but bounded Φ for which
ωn = ωnϕt and E(ϕ
t) is properly defined as we already mentioned. In particular the
above slope formula is still valid for the weak geodesic ray ϕt associated with (X ,L).
In [B16], inspired by [B11], the associated weak geodesic ray Φ was in fact constructed
as the Peron-Bremermann envelope with the prescribed boundary value. Let us take a
function Ψ on X×(B\{0}) for which h0(x)e−Ψ(x,τ) is extended to a singular fiber metric
of L, so that the curvature is semipositive in the sense of current. The associated weak
geodesic ray is defined as the upper-semicontinuous envelope of Ψ with the boundary
condition Ψ(x, 1) 6 ϕ0(x), which we denote
Φ(x, τ) := sup∗Ψ(x, τ). (2.10)
Compare with the construction of the weak geodesic segment (2.6). One can see that
it is equivalent to the rays previously constructed in [PS07], [CT08], and [RWN11].
Non-Archimedean D-energy is described as the log-canonical threshold
DNA(X ,L) = LNA(X ,L)− ENA(X ,L)
:= lct(X¯ ,B)(X0)− 1−
L¯n+1
(n+ 1)V
.
Here the boundary divisor B is uniquely determined by the property B ∼Q −KX¯/P1−L¯
and suppB ⊂ X0. As a consequence of [B16], Theorem 3.11, we have the slope formula
DNA(X ,L) = lim
t→∞
D(ϕt)
t
. (2.11)
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See also the milestone works [DT92a], [T97]. It shows that the non-Archimedean D-
energy for the Ricci curvature formulation just plays the role of the Donaldson-Futaki in-
variant defined by [D02] (equivalently, non-Archimedean K-energy defined by [BHJ15])
for the scalar curvature formulation. In terms of the positivity of DNA(X ,L), one may
define D-stability of (X,−KX) and prove that X admits a Ka¨hler-Einstein metric iff it
is D-polystable. We refer [BBJ18] for the variational approach to this problem. At any
rate, we do not need the concrete description of DNA or ENA in the proof of Theorem
A.
In terms of the Gm-action, ENA(X ,L) can be described as follows. Let us fix k ∈ N
and write the weights λ1, . . . λNk for the induced action on H
0(X0, kL0). It then holds
ENA(X ,L) = lim
k→∞
∑Nk
j=0 λj
kNk
. (2.12)
In particular we observe that replacing L with line bundle L+ cX0 one has ENA(X ,L+
cX0) = ENA(X ,L) + c. Letting λˆ := Nk−1
∑Nk
j=0 λj we may further define the L
p-norm
‖(X ,L)‖p = lim
k→∞
[∑Nk
j=0
∣∣∣λj − λˆ∣∣∣p
kpNk
] 1
p
,
which is preserved by the above rescaling L 7→ L+cX0. The main result of [H16] shows
that these norms are equivalent to the Lp-norm of the associated weak geodesic ray:
‖(X ,L)‖p =
[
1
V
∫
X
∣∣ϕ˙t − ENA(X ,L)∣∣p ωnϕt] 1p .
Notice that for the ray associated to the test configuration the best possible C1,1-
regularity was established by [CTW18]. Thus we may have the time-derivative ϕ˙t
well-defined in the integrand.
Once the above results are accepted, the proof of the inequality (1.2) is immediate.
Indeed by constant rescaling we may assume ENA(X ,L) = 0 and the geodesic convexity
implies
−DNA(X ,L) = lim
t→∞
−D(ϕt)
t
6 − d
dt
∣∣∣∣
t=0
D(ϕt) = − 1
V
∫
X
ϕ˙0(eρ − 1)ωnϕ0 .
For the singular metrics the convexity result was established by [B11]. Applying the
Cauchy-Schwartz inequality we obtain (1.2).
3. Construction of a weak geodesic ray and test configurations
3.1. Estimates for the inverse Monge-Ampe`re flow. In the sequel we assume that
X admits no Ka¨hler-Einstein metric, otherwise the identity of Theorem A is trivial. We
denote the solution of the inverse Monge-Ampe`re flow (1.3) by ϕt (t ∈ [0,∞)) and fix
any sequence tj →∞. Although the solution of the flow is smooth, to consider geodesics
we need the space E1 of finite energy metrics.
9We will take a geodesic segment ϕtj ∈ E1 (0 6 t 6 tj), which joins ϕ0 to ϕtj . Our
normalization of the Ricci potential yields that E(ϕt) is constant in t. For the supremum
we have
Lemma 3.1 (Lemma 4.1 of [CHT17]). The flow is linearly bounded from above:
ϕt 6 t+ A.
It follows that for any fixed T Aubin’s J-functional
J(ϕt) :=
1
V
∫
X
ϕtω
n
0 − E(ϕt)
is bounded in t ∈ [0, T ]. Notice that J(ϕt) is not bounded in t ∈ [0,∞), otherwise
the flow converges to a weak minimizer of D-energy in E1, namely the Ka¨hler-Einstein
metric. It achieves the equality in (1.2). In other words, we have supX ϕtj → +∞. In
fact by [D17b], Corollary 4.14, d1 is explicitly described in terms of E as
d1(ϕ, ψ) = E(ϕ) + E(ψ)− 2E(P (ϕ, ψ)),
where P (ϕ, ψ) ∈ E1 is the upper envelope of ω0-functions u such that u 6 ϕ, ψ. The
formula implies that
sup
X
ϕtj − C 6 d1(ϕ0, ϕtj) 6 sup
X
ϕtj + C.
This is comparable with [DH17], Theorem 1 for the Ka¨hler-Ricci trajectory.
3.2. Construction of a weak geodesic ray asymptotic to the flow. Following the
argument of [DH17] we will show that, taking a subsequence if necessary, a particular
choice (2.6) of geodesics ϕtj converges to a ray ϕ
t in (E1, d1).
The convergence argument is based on the observation of [B13].
Proposition 3.2. The relative entropy for the probabilistic measures ν and µ is the
Legendre dual of the log-part of D-energy:
H(ν|µ) :=
∫
X
log(
ν
µ
)ν
= sup
f∈C0(X;R)
[ ∫
X
fν − log
∫
X
efµ
]
.
The one-side inequality is obvious from Jensen’s inequality and it is actually true for
arbitrary lower-semicontinuous function f . For ν = V −1ωnϕ the supremum is achieved
by f = −ϕ. It follows that for any ϕ ∈ E1
H(V −1ωnϕ|V −1ωn0 ) = D(ϕ) + E(ϕ)−
1
V
∫
X
ϕωnϕ.
Note that for general non-positive ω0-psh ϕ we have
(n+ 1)E(ϕ) 6 1
V
∫
X
ϕωnϕ 6 E(ϕ).
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Since the Monge-Ampe`re flow non-increases D(ϕt) and conserves E(ϕt), we deduce from
the fact that for any fixed T the entropy H(V −1ωnϕt|V −1ωn0 ) is bounded in t ∈ [0, T ].
Now we recall the d1-compactness of the set{
ϕ ∈ E1 : H(V −1ωnϕt|V −1ωn0 ) 6 C, sup
X
ϕ = 0
}
,
which was established in [BBEGZ11]. From the compactness and (2.7) Ascoli’s theorem
implies that (after passing to a subsequence) ϕtj converges to a ray ϕ
t in (E1, d1).
Moreover, for any fixed T , the convergent is uniform in t ∈ [0, T ]. Since tj →∞, ϕt is
defined for t ∈ [0,∞). In fact by [BBJ18], Theorem 1.7, ϕt restricted to any interval
[a, b] is of envelope form (2.6). Consequently the limit ray inherits the constant speed
property:
d1(ϕ
t, ϕs) = d1(ϕ
0, ϕ1) |t− s| . (3.1)
From the normalization we obtain
sup
X
ϕt 6 t+ A (3.2)
for any t ∈ [0,∞). On the other hand
lim
t→∞
E(ϕt)
t
= 0. (3.3)
For p > 1, it is not clear from the construction whether ϕt is asymptotic to the flow,
in the sense of [DH17]. In general a ray ϕt is asymptotic to the curve ϕt, if there exists
tj → ∞ and constant speed geodesic segments ϕtj (t ∈ [0, tj]) connecting ϕ0 and ϕtj
such that for all t
lim
j→∞
dp(ϕ
t
j, ϕ
t) = 0.
For the Ka¨hler-Ricci flow [DH17] derive the property from the Harnack estimate which
is not estabilished for the inverse Monge-Ampe`re flow. At present setting we will settle
for the restrictive estimate:
Proposition 3.3 ([X19], Lemma 5.1). For each t we have ϕt ∈ E2 and
d2(ϕ
0, ϕt) 6 lim inf
j→∞
d2(ϕ
0, ϕtj).
Proof. We sketch the proof. It fully exploits the CAT(0)-property of E2, which cannot
be expected for other complete length space Ep. In particular, we may generalize the
notion of weak convergence in a Hilbert space to any complete CAT(0)-space. See
[Bac14] for the general exposition.
Let us fix any t. A standard argument of pluripotential theory shows that the non-
increasing sequence
ψtj := sup
k>j
∗ϕtk
converges almost everywhere to ϕt. Since ϕtj (j = 1, 2, . . . ) are bounded in E2, one can
prove that so does ψtj. The boundedness with monotonicity implies ϕ
t ∈ E2, by [D15],
11
Lemma 4.16. Now [BDL15], Theorem 5.3 asserts that ϕtj weakly converges to ϕ
t. The
point here is that the d1-ball
Bε(ϕ) :=
{
ψ ∈ E2 : d1(ϕ, ψ) < ε
}
is d2-closed and d2-convex. It follows that for any weakly convergent subsequence
ϕtjk → ut (k = 1, 2, . . . ) we have ut = ϕt. (From the E2-boundedness we have at least one
weakly convergent subsequence, by [Bac14], Proposition 3.1.2.) Indeed ϕtjk ∈ Bε(ϕt) for
any sufficiently large k. SinceBε(ϕ
t) is d2-closed and d2-convex, we conclude u
t ∈ Bε(ϕt)
by [Bac14], Lemma 3.2.1. The desired inequality follows from the fact that the distance
function is lower-semicontinuous with respect to the weak convergence (e.g. [Bac14],
Corollary 3.2.4). 
In case ϕt ∈ Ep, by [DL18], Theorem 1.2, we have ϕt as a geodesic ray for any (Ep, dp).
Moreover, each segment defines a unique geodesic ray when p > 1. In particular it then
has the constant speed for dp. Such ϕ
t is distinguished as finite energy geodesic in
[DL18] and studied in view of geodesic stability.
Summarizing up we obtain:
Theorem 3.4. Let ϕt be the inverse Monge Ampe`re flow and ϕ
t
j (t ∈ [0, tj]) be the
weak geodesic ray of the envelope form (2.6) so as to connect ϕ0 to ϕtj . Then there
exists a ray ϕt of envelope form such that limj→∞ d1(ϕtj, ϕ
t) = 0 for each t. As a result
ϕt is a geodesic for all (Ep(X,ω0), dp) and satisfies (3.1), (3.2) and (3.3).
Remark 3.5. Provided the Harnack-type estimate for the inverse Monge-Ampe`re flow
was established we may apply [DH17], Theorem 3.2 and obtain the ray directly. Such an
estimate is highly non-trivial, as it implies the linear lower bound of ϕt, or equivalently,
the upper bound of the Ricci potential ρ.
3.3. Approximative test configurations. Next we follow [BBJ18] to construct a
canonical sequence of test configurations which approximates ϕt. It can be seen as the
non-Archimedean analogue of Demailly’s approximation [D92] for a psh function.
Changing variables as
Φ(x, e−t) := ϕt(x),
we obtain the S1-invariant function Φ on X × (B \ {0}), which is actually p∗2ω0-psh.
From (3.2) Φˆ := Φ+log |τ | is uniquely extended to a p∗1ω0-psh function on X×B. Since
ϕt ∈ E1, the Lelong number is concentrated in X × {0}. Moreover (3.2) implies that
even the generic Lelong number along X × {0} is zero. Therefore, support of the S1-
invariant multiplier ideal sheaf J (mΦˆ) is properly contained in X×{0}, so that we have
the normalized blow-up ρm : Xm → X × C. It would be remarkable that the argument
really requires the definition of multiplier ideal sheaves for general plurisubharmonic
functions, since Φ has non-algebraic singularities. Let Em be the exceptional divisor.
We fix some m0 ∈ N and set the line bundle as
Lm := ρ∗mp∗1(−KX)−
1
m+m0
Em +
m
m+m0
ρ∗mXm,0. (3.4)
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The number m0 is chosen so that O(−(m+m0)p∗1KX)⊗ J (mΦˆ) is globally generated
for all m > 1. See [BBJ18], Lemma 5.6. The term involving the central fiber Xm,0 pre-
serves the linearly equivalence of Lm and only adjusts the Gm-action. The constructed
semiample test configuration (Xm,Lm) satisfies the following continuity property, which
is crucial for their variational approach to the Ka¨hler-Einstein problem.
Theorem 3.6. ([BBJ18], Theorem 5.4, Lemma 5.7 and 5.8) For the above constructed
weak geodesic ray and test configurations the upper-semicontinuity
lim sup
m→∞
DNA(Xm,Lm) 6 lim
t→∞
D(ϕt)
t
holds. Moreover, if ϕt is maximal in the sense of [BBJ18], Definition 6.5, we have the
continuity
lim
m→∞
DNA(Xm,Lm) = lim
t→∞
D(ϕt)
t
.
Even the lower-semicontinuity of ENA is special for our choice of test configurations.
Since our setting looks slight different from [BBJ18], let us repeat this part of the proof.
A similar idea will appear when we compare the L2-norms in the last part of the proof of
Theorem A. We take an S1-invariant, non-negatively curved smooth (or more generally
bounded) fiber metric of the Q-line bundle Lm on X×B. It defines a p∗2ω0-psh function
Φm endowed with the analytic singularity of J (mΦ)
1
m+m0 . This is the reason why we
adjusted the line bundle by X0, in (5.6). Using Demailly’s approximation theorem
locally, we have the estimate
Φm > Φ− Cm,r
on the shrunken area B(0, r)×X. The positive constants C and r are independent of
m. Since the Monge-Ampe`re energy is non-decreasing, it follows
ENA(Xm,Lm) = lim
t→∞
E(ϕtm)
t
> lim
t→∞
E(ϕt − Cm,r)
t
= lim
t→∞
E(ϕt)
t
= 0.
The key point in the above is the Ohsawa-Takegoshi L2-extension theorem [OT87] used
in Demailly’s approximation. Such a uniform lower bound estimate of the Bergman
kernel already forms a basis of the celebrated work [CDS15] (see also [Tia15]).
Remark 3.7. We may ask whether the constructed weak geodesic ray asymptotic to
the inverse Monge-Ampe`re flow is maximal in the sense of [BBJ18]. For the proof of
Theorem A, however, we do not require the maximality.
4. Proof of the moment-weight equality
4.1. Test configurations almost destabilize X. The inverse Monge-Ampe`re flow
satisfies
d
dt
D(ϕt) = − 1
V
∫
X
(eρ − 1)2ωnϕ = R(ϕt)
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and R(ϕt) is non-increasing, as a property of the gradient flow. In particular
d
dt
D(ϕt) 6
0 and the convexity assures limt→∞
D(ϕt)
t
∈ [−∞, 0] exists. It then follows
lim
t→∞
D(ϕt)
t
= lim
j→∞
D(ϕtj)
tj
= lim
j→∞
D(ϕ
tj
j )
tj
.
Since D-energy is convex along any geodesic, for any fixed T we have
lim
j→∞
D(ϕ
tj
j )
tj
>
D(ϕTj )
T
.
The convergence of ϕtj to ϕ
t in (E1, d1) then yields
lim
t→∞
D(ϕt)
t
> D(ϕ
T )
T
.
Letting T →∞, Theorem 3.6 now implies
Proposition 4.1. Let ϕt be the inverse Monge-Ampe`re flow and ϕ
t be a weak geodesic
ray asymptotic to the flow. For the test configurations which canonically approximates
ϕt we have
0 > lim
t→∞
D(ϕt)
t
> lim sup
m→∞
DNA(Xm,Lm).
The proposition already shows that (Xm,Lm) almost destabilize X. To get more
precise upper bound of DNA(Xm,Lm), we prepare computing the differential of the
energy along the flow.
Lemma 4.2. Along the inverse Monge-Ampe`re flow we have
− d
dt
D(ϕt) = − 1
V
∫
X
ϕ˙t(e
ρt − 1)ωnϕt
=
[
1
V
∫
X
(ϕ˙t)
2ωnϕt
] 1
2
[
1
V
∫
X
(eρt − 1)2ωnϕt
] 1
2
.
Proof is immediate. Indeed, from the very definition of the inverse Monge-Ampe`re
flow, the equality holds in the Cauchy-Schwartz inequality.
Remark 4.3. It is natural to expect the optimal destabilizer for general Lp-norm. See
also [DL18], Theorem 1.6. In our argument, however, Lemma 4.2 apparently requires
L2-norm. In addition, the proof of Proposition 3.3 relies on the CAT(0)-property of d2.
For a Fano manifold with no zero holomorphic vector fields, existence of the Ka¨hler-
Einstein metric is equivalent to the uniform stability with respect to the L1-norm, as
a result of [BBJ18]. Note that existence of Lp-destabilizer does not contradicts to the
fact.
4.2. Comparison of the norms. In regard with Lemma 4.2 we thus finally should
study the L2-norm
‖ϕ˙t‖2 :=
[
1
V
∫
X
(ϕ˙t)
2ωnϕt
] 1
2
.
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For the inverse Monge-Ampe`re flow we have ϕ˙t = 1 − eρ so that ‖ϕ˙t‖2 = R(ϕt)
1
2 is
non-increasing. Note that the weak geodesic ray ϕt ∈ E2 is possibly apart from any test
configurations and it might be not even C1. For this reason we make use of the choice
of ϕt and regard the norm ‖ϕ˙t‖2 as follows.
Definition 4.4. For a weak geodesic ray ϕt ∈ E2(X,ω0) with constant speed, we define
the L2-norm as ∥∥ϕ˙t∥∥
2
:= lim
t→∞
d2(ϕ
0, ϕt)
t
=
d2(ϕ
0, ϕt)
t
.
It is of course consistent with the definition for a differentiable ϕt. Observe that
‖ϕ˙t‖2 is constant in t and moreover it is independent of the initial metric ϕ0. Let us
now take ϕt as in section 3.2.
Lemma 4.5. For the above norms we have
‖ϕ˙t‖2 >
∥∥ϕ˙t∥∥
2
.
Proof. If ‖ϕ˙t‖2 < ‖ϕ˙t‖2 for some t, the above monotonicity implies that ‖ϕ˙t‖2 < ‖ϕ˙t‖2
holds for any sufficiently large t > T . Proposition 3.3 implies that the right hand side
is bounded from above as∥∥ϕ˙t∥∥
2
=
d2(ϕ
0, ϕt)
t
6 lim inf
j→∞
d2(ϕ
0, ϕtj)
t
= lim inf
j→∞
∥∥ϕ˙tj∥∥2 .
They are all independent of t. Therefore we may take ε > 0 such that ‖ϕ˙t‖2 +ε <
∥∥ϕ˙tj∥∥2
for all j and t > T . It implies d2(ϕ0, ϕtj) < d2(ϕ0, ϕ
tj
j ) for a sufficiently large j. On the
other hand, the L2-geodesic connecting two metrics is unique by [D17b], Lemma 6.12,
so that it has minimal length in all paths. It contradicts to our choice of ϕtj which is
Lp-geodesic for any p > 1. We conclude ‖ϕ˙t‖2 > ‖ϕ˙t‖2. 
Now we take a p∗1ω0-psh function Φm as the weak geodesic ray associated to (Xm,Lm),
and compare ‖ϕ˙t‖2 with ‖ϕ˙tm‖2. Recall that the weak geodesic ray associated to the
test configuration has C1,1-regularity by [PS10], [CTW18]. It implies that the norm
‖ϕ˙tm‖2 is well-defined. Let us invoke the following Lidskii type inequality.
Theorem 4.6 ([DLR18], Theorem 5.1). For any u, v, w ∈ Ep(X,ω0) with u > v > w
we have
dp(v, w) 6 dp(u,w)− dp(u, v).
Lemma 4.7. For the associated weak geodesic rays ϕtm we have∥∥ϕ˙t∥∥
2
>
∥∥ϕ˙tm∥∥2 .
Proof. Since Φm comes from a bounded fiber metric of Lm, it encodes the analytic
singularity J (mΦ) 1m+m0 . Again by using Demailly’s approximation theorem locally, we
have Φm > Φ−Cm,r. Since ϕtm is bounded from above and ϕ0 is smooth there exists a
constant Bm such that ϕ
0 + Bm > ϕtm. We are ready to apply Lidskii type inequality:
Theorem 4.6 to these functions and get
d2(ϕ
0 +Bm + Cm,r, ϕ
t
m + Cm,r) 6 d2(ϕ0 +Bm + Cm,r, ϕt). (4.1)
15
It follows from the triangle inequality that∥∥ϕ˙t∥∥
2
= lim
t→∞
d2(ϕ
0, ϕt)
t
> lim
t→∞
d2(ϕ
0, ϕtm)
t
=
∥∥ϕ˙tm∥∥ . (4.2)

Combining the results all together, we obtain
lim inf
m→∞
−DNA(Xm,Lm) > lim
t→∞
−D(ϕt)
t
= lim
t→∞
‖ϕ˙t‖2
[
1
V
∫
X
(eρt − 1)2ωnϕt
] 1
2
>
∥∥ϕ˙tm∥∥2 limt→∞
[
1
V
∫
X
(eρt − 1)2ωnϕt
] 1
2
for all m. For a while we denote εm := E
NA(Xm,Lm) which is nonnegative, as a
consequence of Theorem 3.6. Recall that the norm ‖(Xm,Lm)‖2 = ‖ϕ˙tm − εm‖2 slightly
differs from the above ‖ϕ˙tm‖2, however, we observe∥∥ϕ˙tm − εm∥∥22 = ∥∥ϕ˙tm∥∥22 − ε2m 6 ∥∥ϕ˙tm∥∥22
and hence conclude
lim inf
m→∞
−DNA(Xm,Lm)
‖(Xm,Lm)‖2
> lim
t→∞
[
1
V
∫
X
(eρt − 1)2ωnϕt
] 1
2
.
The last inequality completes the proof of Theorem A.
Remark 4.8. The above proof of Theorem A shows that
inf
ω
[
1
V
∫
X
(eρ − 1)2ωn
] 1
2
6 1‖ϕ˙t‖2
lim
t→∞
−D(ϕt)
t
holds for a weak geodesic ray asymptotic to the inverse Monge-Ampe`re flow. If the
non-Archimedean potential ΦNA induced by ϕt is maximal in the sense of [BBJ18], the
radial D-energy limt→∞ t−1D(ϕt) equals to the non-Archimedean D-energy of ΦNA.
As a consequence of [L17], the lower bound of the Calabi functional is zero iff X
is D-semistable (see also [BBJ18]). We may restate the result in terms of the inverse
Monge-Ampe`re flow.
Corollary 4.9. Any Fano manifold X admits a Ka¨hler metric with arbitrary small
Ricci potential, otherwise a weak geodesic ray ϕt asymptotic to the inverse Monge-
Ampe`re flow has negative slope:
lim
t→∞
D(ϕt)
t
< 0.
In particular, there exists a test configuration (X ,L) with DNA(X ,L) < 0.
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5. The Ka¨hler-Ricci flow case
5.1. H-functional and H-invariant. Recall that for ϕ ∈ H(X,ω0) we define the
canonical probability measure
µϕ := e
−ϕ+ρ0ωn0 . (5.1)
In terms of the canonical measure, H-functional is described as the relative entropy
functional:
H(ωϕ) := H(µϕ|V −1ωnϕ).
See Proposition 3.2 for our convention about the relative entropy. The functional first
appeared in [DT92b] and has played an important role in the study of Ka¨hler-Ricci
flow. As a consequence of Pinsker’s inequality it is at least bounded from below by the
L1-version of the Ricci-Calabi functional:√
2H(ω) > 1
V
∫
X
|eρ − 1|ωn. (5.2)
Following [DS17], let us introduce the algebraic H-invariant of a test configuration as
H(X ,L) = −LNA(X ,L) + F (X ,L)
:= −LNA(X ,L) + lim
k→∞
[
− log 1
Nk
Nk∑
j=1
e−
λj
k
]
,
where λ1, . . . , λNk is the weights of the induced C∗-action on H0(X0, kL0). Compar-
ing with weight description of the non-Archimedean Monge-Ampe`re energy (2.12), we
observe
H(X ,L) > −DNA(X ,L). (5.3)
Indeed H-invariant is weaker than the non-Archimedean D-energy. The Fano manifold
X satisfies H(X ,L) > 0 for any non-trivial test configurations iff it is D-semistable.
Unfortunately, the second term F is in nature more transcendental than ENA and has
no numerical description. It even does not correspond to the classical energy of metrics.
At least for the associated weak geodesic ray, one may observe that the “virtual slope”
F (ϕ˙t) := − log 1
V
∫
X
e−ϕ˙
t
ωn
gives F (X ,L), due to the following result.
Theorem 5.1 ([H16]). Let (X ,L) be a test configuration and ϕt the associated C1,1-
weak geodesic ray. Then the pushed-forward probability measure
DH(X ,L) := ϕ˙t∗(V −1ωnϕt)
is independent of the initial data ϕ0 and t. Moreover, we have the convergence of the
spectral measure:
1
Nk
Nk∑
j=1
δλj
k
→ DH(X ,L).
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It then follows from [B16], Theorem 3.11 the slope formula
H(X ,L) = lim
t→∞
[
− L(ϕ
t)
t
+ F (ϕ˙t)
]
. (5.4)
Lower bound of the H-functional is achieved by the supremum of these (unnormalized)
H-invariant.
Theorem 5.2 ([DS17], Theorem 1.2). For a Fano manifold we have
inf
ω
H(ω) = sup
(X ,L)
H(X ,L).
The one-side inequality is easier to see from (5.4). Indeed if we take f := −ϕ˙ in
Proposition 3.2 the associated weak geodesic ray satisfies
H(ωϕ0) > −
∫
X
ϕ˙0µϕ0 − log 1
V
∫
X
e−ϕ˙
0
ωnϕ0
> − d
dt
L(ϕt) + F (ϕ˙t)
for any choice of the initial metric ϕ0.
The quantity infωH(ω) is equivalent to the supremum of Perelman’s µ-entropy. For
a smooth function f satisfying ∫
X
e−fωn = V,
we define the W-functional as
W (ω, f) :=
∫
X
(Sω + |∇f |2 + f)e−fωn.
Perelman’s µ-entropy is then defined to be the infimum:
µ(ω) := inf
f
W (ω, f) 6 nV.
Theorem 5.3 ([DS17], Theorem 4.2).
sup
ω
µ(ω) = nV − inf
ω
H(ω).
We also remark the relation with the greatest lower bound of the Ricci curvature
R(X) := sup
{
r ∈ [0, 1] : Ricω > rω
}
.
It was shown in [BBJ18] and [CRZ18] that R(X) = min{δX , 1}, where δX is the δ-
invariant of Berman-Fujita. See [Fuj16] for the original definition and [BJ18] for the
non-Archimedean interpretation. In particular, it follows that R(X) = 1 iff X is D-
semistable.
Proposition 5.4. If R(X) > 1/4pi, we have nV R(X) 6 supω µ(ω) 6 nV and so that
inf
ω
H(ω) 6 nV (1−R(X)).
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Proof. Let us take any r < R(X) close to R(X) and ω such that Ricω > rω. Changing
variables as u2 = e−f and applying log-Sobolev inequality, we have
W (ω, f) =
∫
X
(Sωu
2 + 4 |∇u|2 − u2 log u2)ωn
>
∫
X
Sωu
2ωn + (4pir − 1)
∫
X
(u2 log u2)ωn.
Since Sω ≥ nr and r > 1/4pi it yields µ(ω) > nV r and hence supω µ(ω) > nV R(X).
The last claim follows from Theorem 5.3. 
As a consequence of Birkar’s uniform bound of the log-canonical thresholds ([B16]),
for n-dimensional Fano manifolds R(X) are uniformly bounded from below by a positive
constant. The author does not know an example of Fano manifolds with R(X) 6 1/4pi.
5.2. Weak geodesic ray asymptotic to the flow. Let us explain how ideas in the
previous sections reprove Theorem 5.2. It is natural to take the normalized Ka¨hler-Ricci
flow
∂
∂t
ω = −Ricω + ω
in place of the inverse Monge-Ampe`re flow. We again distinguish the flow ϕt from the
geodesic ϕt by using the subscript. In terms of the normalized Ricci potential this can
be described as
∂
∂t
ϕ = −ρ. (5.5)
In fact the equation (5.5) incorporates the slope into the H-functional in the form
H(ωϕt) = −
d
dt
L(ϕt) + F (ϕ˙t).
As it was shown in [P08], [PSSW09], H(ωϕt) is non-increasing. Notice that in [DH17]
another normalization of the Ka¨hler potential
rt := ϕt − E(ϕt)
is adopted. Our choice of ϕt is precisely equal to r˜t in their notation. By Perelman’s
uniform estimate for the Ricci potential we have supX ϕt 6 ct + A. See [P02], [ST08]
for the expoundation. For the Monge-Ampe`re energy, E(ϕt) is non-decreasing from
Jensen’s inequality. In particular, the finite slope limt→∞ t−1E(ϕt) exists. For the
D-energy we obtain
d
dt
D(ϕt) =
−1
V
∫
X
ρ(eρ − 1)ωnϕt = −H(ωϕt) +
1
V
∫
X
ρωnϕt .
Jensen’s inequality shows
1
V
∫
X
ρωnϕt 6 log
1
V
∫
X
eρωnϕt = 0
so that D(ϕt) is non-increasing. Consequently, we may repeat the argument in subsec-
tion 3.3 to deduce the following.
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Theorem 5.5 (Renormalization of [DH17], Theorem 2). Let ϕt be the normalized
Ka¨hler-Ricci flow and ϕtj (t ∈ [0, tj]) be the weak geodesic ray of the envelope form (2.6)
so as to connect ϕ0 to ϕtj . Then there exists a ray ϕ
t such that limj→∞ dp(ϕtj, ϕ
t) = 0
for each t. As a result ϕt is a constant-speed geodesic for all (Ep(X,ω0), dp). It satisfies
supX ϕ
t 6 ct+ A and E(ϕt) constant.
Proof. The statement was originally proved for rt = ϕt − E(ϕt). Let rtj, rt be the
corresponding weak geodesic. In the same way as subsection 3.3 we obtain the limit
ϕt of ϕtj. It then easy to check that ϕ
t
j = r
t
j + εjt holds for εj := t
−1
j (E(ϕtj) − E(ϕ0))
which converges to ε := limt→∞ t−1E(ϕt). We conclude ϕt = rt + εt. 
We notice that the property limj→∞ dp(ϕtj, ϕ
t) = 0 follows from the Harnack estimate
for the Ka¨hler-Ricci flow. Let us extend the definition of F (ϕ˙t) to the above (possibly
not differential) weak geodesic ray. First we recall:
Theorem 5.6 ([D17a], Theorem 1). For the ϕt constructed from the envelope form
(2.6) we have constants m,M such that for any a, b ∈ [0,∞)
(1) infX
ϕa−ϕb
a−b = m,
(2) supX
ϕa−ϕb
a−b = M .
Solution of the Hausdorff moment problem guarantees the following definition.
Definition 5.7. Let ϕt be the above weak geodesic ray constructed from the envelope
form (2.6), which in particular has a constant speed for any dp. Define the Duistermatt-
Heckman measure DH(ϕt) as the unique measure supported on [m,M ] such that for any
p > 1 [ ∫
R
|λ|p DH(ϕt)
] 1
p
=
dp(ϕ
0, ϕt)
t
holds. By definition DH(ϕt) does not depend on t. We set
F (ϕ˙t) := − log
∫
R
e−λDH(ϕt).
When ϕt is the weak geodesic ray associated to a test configuration, we have∫
R
|λ|p DH(X ,L) = 1
V
∫
X
∣∣ϕ˙t∣∣p ωnϕt = dp(ϕ0, ϕt)ptp .
It implies DH(ϕt) = DH(X ,L). For the flow ϕt we set DH(ϕt) := (ϕ˙t)∗(V −1ωn).
Lemma 5.8. For the above weak geodesic ray asymptotic to the normalized Ka¨hler
Ricci flow we have
F (ϕ˙t) = F (ϕ˙t) = 0.
Proof. First we observe∫
R
e−λDH(ϕt) =
1
V
∫
X
e−ϕ˙tωn =
1
V
∫
X
eρωn = 1.
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Since DH(ϕtj) is constant in t, we have∫
R
|λ|p DH(ϕtj) =
1
tj
∫ tj
0
∫
R
|λ|p DH(ϕtj)
=
dp(ϕ0, ϕ
tj
j )
p
tj
=
dp(ϕ0, ϕtj)
p
tj
=
1
tj
∫ tj
0
∫
R
|λ|p DH(ϕt)
for any p > 1. It means the identity of the probability measures:
DH(ϕtj) =
1
tj
∫ tj
0
DH(ϕt).
In the same way we obtain DH(ϕt) = limt→∞DH(ϕtj) from limj→∞ dp(ϕ
t
j, ϕ
t) = 0. In
particular ∫
R
e−λDH(ϕt) = lim
j→∞
∫
R
e−λ
[
1
tj
∫ tj
0
DH(ϕt)
]
= 1.

5.3. Multiplier ideal sheaves for the asymptotic weak geodesic ray. Totally in
parallel with section 3.3 we may further construct approximative test configurations.
Set the S1-invariant p∗2ω0-psh function Φ(x, e−t) := ϕt(x). The linear bound supX ϕ 6
ct + A implies that Φˆ := Φ + c log |τ | is uniquely extended to a p∗1ω0-psh function on
X × B. We obtain the S1-invariant multiplier ideal sheaf J (mΦˆ) and the normalized
blow-up ρm : Xm → X × A1 with exceptional divisor Em. The line bundle is given by
Lm := ρ∗mp∗1(−KX)−
1
m+m0
Em +
cm
m+m0
ρ∗mXm,0. (5.6)
Theorem 5.9. Let ϕt be the above weak geodesic ray for the normalized Ka¨hler-Ricci
flow and (Xm,Lm) be the canonical sequence of test configurations approximates ϕt.
Then we have
lim inf
m→∞
H(Xm,Lm) > lim
t→∞
[−L(ϕt)
t
+ F (ϕ˙t)
]
.
Proof. For the part concerned with LNA(Xm,Lm) it is due to [BBJ18]. The F (Xm,Lm)
part follows from essentially the same argument as that for ENA. Indeed, for the weak
geodesic ray Φm associated with (Xm,Lm) we obtain Φm > Φ − Cm,r by using local
Demailly approximation. We again use Theorem 4.6 to compare the p-moments as∫
R
|λ|p DH(ϕtm) =
1
t
∫ t
0
∫
R
|λ|p DH(ϕsm)
=
dp(ϕ0, ϕ
t
m)
p
t
> dp(ϕ0, ϕ
t − Cm,r)p
t
.
As t→∞, just by the definition of DH(ϕt), the last term converges to ∫R |λ|p DH(ϕt).
It implies DH(ϕtm) > DH(ϕt) so that F (Xm,Lm) > F (ϕt). 
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Combining all together, we obtain
lim inf
m→∞
H(Xm,Lm) > lim
t→∞
[−L(ϕt)
t
+ F (ϕ˙t)
]
= lim
t→∞
[−L(ϕt)
t
+ F (ϕ˙t)
]
.
Finally the Ka¨hler-Ricci flow equation translates the last term into the limit of H(ωϕt).
It completes the proof of Theorem B.
Remark 5.10. In this setting thanks to Perelman’s uniform estimate ϕt > −Ct we may
directly consider the multiplier ideal sheaves J (mF ) for the flow F (x, τ) := ϕ− log|τ |(x).
We ask whether J (mF ) optimally destabilize X.
References
[Bac14] M. Bacˇa´k: Convex Analysis and Optimization in Hadamard Spaces. De Gruyter Series
in Nonlinear Analysis and Applications 22, 2014. 10, 11
[BM85] S. Bando, and T. Mabuchi: Uniqueness of Ka¨hler-Einstein metrics modulo connected
group actions. algebraic geometry, Sendai, 1985, 11–40, Adv. Stud. Pure Math., 10,
North Holland, Amsterdam, 1987. 4
[B13] R. J. Berman: A thermodynamical formalism for Monge-Ampe`re equations, Moser-
Trudinger inequalities and Ka¨hler-Einstein metrics. Adv. Math. 248 (2013), 1254–1297.
9
[B16] R. J. Berman: K-polystability of Q-Fano varieties admitting Kahler–Einstein metrics.
Invent. Math. 203 (2016), no. 3, 973–1025. 2, 7, 17
[B11] B. Berndtsson: A Brunn-Minkowski type inequality for Fano manifolds and some unique-
ness theorems in Ka¨hler geometry. Invent. Math. 200 (2015), no. 1, 149–200. 6, 7, 8
[B18] S. Boucksom: Variational and non-Archimedean aspects of the Yau-Tian-Donaldson con-
jecture. arXiv:1805.03289. 7
[BBGZ13] R. J. Berman, S. Boucksom, V. Guedj, and A. Zeriahi: A variational approach to complex
Monge-Ampe`re equations. Publ. Math. Inst. Hautes E´tudes Sci. 117 (2013), 179–245. 5
[BBEGZ11] R. J. Berman, S. Boucksom, P. Eyssidieux, V. Guedj, and A. Zeriahi: Ka¨hler-Einstein
metrics and the Ka¨hler-Ricci flow on log Fano varieties. to appear in J. Reine Angew.
Math., arXiv:1111.7158. 5, 10
[BBJ18] R. J. Berman, S. Boucksom, and M. Jonsson: A variational approach to the Yau-Tian-
Donaldson conjecture. arXiv:1509.04561v2 the last updated version. 2, 5, 6, 8, 10, 11,
12, 13, 15, 17, 20
[BDL15] R. J. Berman, T. Darvas, and C. H. Lu: Convexity of the extended K-energy and the
large time behavior of the weak Calabi flow. arXiv:1510.01260v2. 11
[BFJ16] S. Boucksom, C. Favre and M. Jonsson: Singular semipositive metrics in non-
Archimedean geometry. J. Algebraic Geom. 25 (2016), 77–139. 7
[BHJ15] S. Boucksom T. Hisamoto and M. Jonsson: Uniform K-stability, Duistermaat-Heckman
measures and singularities of pairs. Ann. Inst. Fourier (Grenoble) 67 no. 2 (2017), 743–
841. 2, 7, 8
[BHJ16] S. Boucksom T. Hisamoto and M. Jonsson: Uniform K-stability and asymptotics of energy
functionals in Ka¨hler geometry. arXiv:1603.01026. to appear in J. Eur. Math. Soc.. 7
[B16] C. Birkar: Singularities of linear systems and boundedness of Fano varieties.
arXiv:1609.05543v1. 18
[BJ18] S. Boucksom and M. Jonsson: A non-Archimedean approach to K-stability.
arXiv:1805.11160. 7, 17
[C00] X.-X. Chen: The space of Ka¨hler metrics. J. Differential Geom. 56 (2000), 189–234.
22 TOMOYUKI HISAMOTO
[CDS15] X.X. Chen, S. K. Donaldson and S. Sun: Kahler-Einstein metrics on Fano manifolds, I,
II, III. J. Amer. Math. Soc. 28 (2015), 183–278. 2, 12
[CHT17] T. C. Collins, T. Hisamoto, R. Takahashi: The inverse Monge-Ampe`re flow and applica-
tions to Ka¨hler-Einstein metrics. arXiv:1712.01685v2. 2, 3, 4, 5, 9
[CRZ18] I. A. Cheltsov, Y. A. Rubinstein and K. Zhang: Basis log canonical thresholds, local
intersection estimates, and asymptotically log del Pezzo surfaces. arXiv:1807.07135v2.
17
[CSW15] X. Chen, S. Sun, and B. Wang: Ka¨hler-Ricci flow, Ka¨hler-Einstein metric, and K-
stability. arXiv:1508.04397. 3
[CW14] X. Chen and B. Wang: Space of Ricci flows (II). arXiv:1405.6797v4. 3
[CT08] X. Chen and Y. Tang: Test configuration and geodesic rays. Aste´risque No. 321 (2008),
139–167. 7
[CTW17] J. Chu, V. Tossatti and B. Weikove: On the Regularity of Geodesics in the Space of
Ka¨hler Metrics. Annals od PDE 3 (2017) no. 2. 6
[CTW18] J. Chu, V. Tossatti and B. Weikove: C1,1-regularity for degenerate complex Monge-
Ampe`re equations and geodesic rays. Communications in Partual Differential Equations
43 (2018), no. 2, 292–312. 8, 14
[D15] T. Darvas: The Mabuchi geometry of finite energy classes. Adv. Math. 285 (2015), 182–
219. 5, 6, 10
[D17a] T. Darvas: Weak geodesic rays in the space of Ka¨hler potentials and the class E(X,ω).
J. Inst. Math. Jussieu 16 (2017), no. 4, 837–858. 5, 6, 19
[D17b] T. Darvas: The Mabuchi completion of the space of Ka¨hler potentials. Amer. J. Math.
139 (2017), no. 5, 1275–1313. 5, 9, 14
[DH17] T. Darvas and W. He: Geodesic rays and Ka¨hler-Ricci trajectories on Fano manifolds.
Trans. Amer. Math. Soc. 369 (2017), no. 7, 5069–5085. 2, 9, 10, 11, 18, 19
[DL18] T. Darvas and C. H. Lu: Uniform convexity in Lp Mabuchi geometry, the space of rays,
and geodesic stability. arXiv:1810.04661. 11, 13
[DLR18] T. Darvas, C. H. Lu, and Y. A. Rubinstein: Quantization in geometric pluripotential
theory. arXiv:1806.03800. 14
[D92] J. P. Demailly: Regularization of closed positive currents and intersection theory. J.
Algebraic Geom. 1 (1992), no. 3, 361–409. 11
[DS17] R. Dervan, G. Sze´kelyhidi: The Ka¨hler-Ricci flow and optimal degenerations.
arXiv:1612.07299v4. 3, 16, 17
[D88] W. Y. Ding: Remarks on the existence problem of positive Ka¨hler-Einstein metrics. Math.
Ann. 282 (1988), no. 3, 463–471. 4
[DT92a] W. Y. Ding and G. Tian: Ka¨hler-Einstein metrics and the generalized Futaki invariant.
Invent. Math. 110 (1992), no. 2, 315–335. 8
[DT92b] W. Y. Ding and G. Tian: The generalized Moser-Trudinger inequality. Nonlinear Analysis
and Microlocal Analysis: Proceedings of the International Conference at Nankai Institute
of Mathematics. World Scientific, 57–70, 1992. 16
[D02] S. K. Donaldson: Scalar curvature and stability of toric varieties. J. Differential Geom.
62 (2002), no. 2, 289–349. 6, 8
[D05] S. K. Donaldson: Lower bounds on the Calabi functional. J. Differential Geom. 70 (2005),
no. 3, 453–472. 1
[D15] S. K. Donaldson: The Ding functional, Berndtsson convexity and moment maps.
arXiv:1503.05173v1. 2, 4
[Fuj16] K. Fujita: A valuative criterion for uniform K-stability of Q-Fano varieties.
arXiv:1602.00901v2. to appear in J. Reine Angew. Math. 17
[GZ17] V. Guedj and A. Zeriahi: Degenerate complex Monge-Ampe`re equations. EMS Tracts in
Mathematics 26 (2017). 5
[H16] W. He: Ka¨hler-Ricci soliton and H-functional. Asian J. Math. 20 (2016), 645–664.
23
[H16] T. Hisamoto: On the limit of spectral measures associated to a test configuration of a
polarized Ka¨hler manifold. J. Reine Angew. Math. 713 (2016), 129–148. 8, 16
[L17] C. Li.: Yau-Tian-Donaldson correspondence for K-semistable Fano manifolds J. reine
angew. Math. 733 (2017), 55–85. 15
[N90] A. M. Nadel: Multiplier Ideal Sheaves and Ka¨hler-Einstein Metrics of Positive Scalar
Curvature. Ann. of Math. 132 (1990), no. 3, 549–596. 2
[OT87] T. Ohsawa and K Takegoshi: On the extension of L2 holomorphic functions. Math. Z.
195 (1987), no. 2, 197–204. 12
[P08] N. Pali: Characterization of Einstein-Fano manifolds via the Ka¨hler-Ricci flow. Indiana
Univ. Math. J., 57 (2008), no. 7, 3241–3274. 18
[P02] G. Perelman: The entropy formula for the Ricci flow and its geometric applications.
arXiv:math/0211159. 18
[PSS06] D. H. Phong, N. Sesum and J. Sturm: Multiplier Ideal Sheaves and the Ka¨hler-Ricci
Flow. arXiv:math/0611794. 2
[PSSW09] D. H. Phong, J. Song, J. Sturm and B. Weinkove: The Ka¨hler-Ricci flow and the ∂¯-
operator on vector fields. J. Differential Geom. 81 (2009), 631–647. 18
[PS07] D. H. Phong and J. Sturm: Test configurations for K-stability and geodesic rays. J.
Symplectic Geom. 5 (2007), no. 2, 221–247. 7
[PS10] D. H. Phong and J. Sturm: Regularity of geodesic rays and Monge-Ampe`re equations.
Proc. Amer. Math. Soc. 138 (2010), no. 10, 3637–3650. 14
[RWN11] J. Ross and D. Witt Nystro¨m: Analytic test configurations and geodesic rays. J. Sym-
plectic Geom. 12 (2014), no. 1, 125–169. 7
[R09] Y. Rubinstein: On the construction of Nadel multiplier ideal sheaves and the limiting
behavior of the Ricci flow. Trans. Amer. Math. Soc. 361 (2009), 5839–5850. 2
[S92] S. Semmes: Complex Monge–Ampe`re and symplectic manifolds. Amer. J. Math. 114
(1992), no. 3, 495–550. 6
[ST08] N. Sesum and G. Tian: Bounding scalar curvature and diameter along the Ka¨hler Ricci
flow (after Perelman). J. Inst. Math. Jussieu 7 (2008), no. 3, 575–587. 18
[T97] G. Tian: Ka¨hler-Einstein metrics with positive scalar curvature. Inv. Math. 130 (1997),
239–265. 8
[Tia15] G. Tian. K-stability and Ka¨hler-Einstein metrics. Comm. Pure Appl. Math. 68 (2015),
1085–1156. 12
[X19] M. Xia: On sharp lower bounds for Calabi type functionals and destabilizing properties
of gradient flows. arXiv:1901.07889. 3, 4, 10
[Y17] Y. Yao: Mabuchi Metrics and Relative Ding Stability of Toric Fano Varieties.
arXiv:1701.04016v2. 2
Graduate School of Mathematics, Nagoya University, Furocho, Chikusa, Nagoya,
Japan
E-mail address: hisamoto@math.nagoya-u.ac.jp
